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ABSTRACT. Let R be a local ring of prime characteristic. We study the ring of Frobenius 
operators &(E), where E is the injective hull of the residue field of R. In particular, we 
examine the finite generation of J^(E) over its degree zero component &°(E), and show 
that &{E) need not be finitely generated when R is a determinantal ring; nonetheless, we 
obtain concrete descriptions of &(E) in good generality that we use, for example, to prove 
^^ ■ the discreteness of F -jumping numbers for arbitrary ideals in determinantal rings. 



1. Introduction 

Lyubeznik and Smith [ LS | initiated the systematic study of rings of Frobenius operators 
rS^ [ and their applications to tight closure theory. Our focus here is on the Frobenius operators 

on the injective hull of R/m, when (R,m) is a complete local ring of prime characteristic. 

Definition 1.1. Let R be a ring of prime characteristic p, with Frobenius endomorphismF. 
Following [LS, Section 3], we set R{F e } to be the ring extension ofR obtained by adjoining 
a noncommutative variable % subject to the relations %r = r p % f° r a H r ER. 

Let M be an ^-module. Extending the /^-module structure on M to an R{F e } -module 
structure is equivalent to specifying an additive map (p : M — > M that satisfies 

(p(rm) — r p (p(m) for each r E R and m EM . 

Define ,^ e (M) to be the set of R{F e } -module structures on M; this is an Abelian group 






o 



with a left /^-module structure, where r ER acts on (p E ,^ e (M) to give the composition r o 
(p. Given elements (p E ^ e (M) and <p' e -^ e (M), the compositions <p o cp' and <p' o (p are 
elements of the module JP e+e (M). Thus, 

J?(M) = ^°(M)© &\M)®& 2 {M)® ■ ■ ■ 

has a ring structure; this is the ring of Frobenius operators on M. 






w | Note that &{M) is an N-graded ring; it is typically not commutative. The degree com- 

ponent jF°(M) = End«(M) is a subring, with a natural /^-algebra structure. Lyubeznik and 
Smith [LS , Section 3] ask whether JP(M) is a finitely generated ring extension of j£"°(M). 
From the point of view of tight closure theory, the main cases of interest are where (R, m) 
is a complete local ring, and the module M is the local cohomology module H^ mR (R) or 
the injective hull of the residue field, Ef>(R/m), abbreviated E in the following discussion. 
In the former case, the algebra &(M) is finitely generated under mild hypotheses, see 
Example l 1.2121 an investigation of the latter case is our main focus here. 

It follows from Example 11.2121 that for a Gorenstein complete local ring (/?,m), the 
ring ^(E) is a finitely generated extension of JF°(E) = R. This need not be true when R 
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is not Gorenstein: Katzman [Ka] constructed the first such examples. In Section [5] we 
study the finite generation of &{E), and provide descriptions of ,^{E) even when it is not 
finitely generated: this is in terms of graded subgroup of the anticanonical cover of R, with 
a Frobenius-twisted multiplication structure, see Theorem l3.3l 

Section [4] studies the case of (Q-Gorenstein rings. We show that ^(E) is finitely gen- 
erated (though not necessarily principally generated) if R is (Q-Gorenstein with index rel- 
atively prime to the characteristic, Proposition 14.11 the dual statement for the Cartier al- 
gebra was previously obtained by Schwede in llScI Remark 4.5]. We also construct a Q- 
Gorenstein ring for which the ring &(E) is not finitely generated over J?°(E); in fact, we 
conjecture that this is always the case for a Q-Gorenstein ring whose index is a multiple of 
the characteristic, see Conjecture 14.21 

In Section[5]we show that JP{E) need not be finitely generated for determinantal rings, 
specifically for the ring F[X]/7, where X is a 2 x 3 matrix of variables, and / is the ideal 
generated by its size 2 minors; this proves a conjecture of Katzman, IKal Conjecture 3.1]. 
The relevant calculations also extend a result of Fedder, [Fe, Proposition 4.7]. 

One of the applications of our study of ,^(E) is the discreteness of ,F -jumping numbers; 
in Section [6] we use the description of &(E), combined with the notion of gauge bound- 
edness, due to Blickle BB12I . to obtain positive results on the discreteness of ,F -jumping 
numbers for new classes of rings including determinantal rings, see Theorem 16.41 In the 
last section, we obtain results on the linear growth of Castelnuovo-Mumford regularity 
for rings with finite Frobenius representation type; this is also with an eye towards the 
discreteness of F-jumping numbers. 

To set the stage, we summarize some previous results on the rings J?(M). 

Example 1.2. Let R be a ring of prime characteristic. 

(1) For each e ^ 0, the left 7?-module ^ re (R) is free of rank one, spanned by F e ; this is IILS1 
Example 3.6]. Hence, &{R) = R{F}. 

(2) Let (7?,m) be a local ring of dimension d. The Frobenius endomorphism F of R in- 
duces, by functoriality, an additive map 

F:Hi(R)^Hi(R), 

which is the natural Frobenius action on H^(R). If the ring R is complete and S2, 
then J? e (H'^(R)) is a free left /^-module of rank one, spanned by F e ; for a proof of 
this, see IILSI Example 3.7]. It follows that 

&(Hi(R)) =R{F}. 

In particular, -^(H^(R)) is a finitely generated ring extension of J^° (H'l x (R)) . 

(3) Consider the local ring R = F[[x,j,z]]/(xy,yz) where F is a field, and set E to be the 



injectivehullof the residue field of R. Katzman I Kail proved that &(E) is not a finitely 
generated ring extension of ^°(E). 

(4) Let (7?,m) be the completion of a Stanley-Reisner ring at its homogeneous maximal 
ideal, and let E be the injective hull of R/m. In [ABZ] Alvarez, Boix, and Zarzuela 
obtain necessary and sufficient conditions for the finite generation of ,^(E). Their 
work yields, in particular, Cohen-Macaulay examples where ,^(E) is not finitely gen- 
erated over ,^°(E). By 1ABZI Theorem 3.5], ^(E) is either 1-generated or infinitely 
generated as a ring extension of ^°(E) in the Stanley-Reisner case. 
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Remark 1.3. Let R^ e > denote the /?-bimodule that agrees with Rasa left /^-module, and 
where the right module structure is given by 

X ■ r = r p " x for all r £ R and x £ R> e ' . 

For each /^-module M, one then has a natural isomorphism 

& e (M) S Hom ff (rW® r M, M) 

where <p £ ^ e {M) coiTesponds to x(g>m i — > xtp{m) and \\f £ Hom ff (/?W ® ff M, M) corre- 
sponds to m i — > i//"(l (g)m); see |LS, Remark 3.2]. 

Remark 1.4. Let Rbe a Noetherian ring of prime characteristic. If M is a Noetherian 
/^-module, or if R is complete local and M is an Artinian /^-module, then each graded 
component & e (M) of ,0P{M) is a finitely generated left /^-module, and hence also a finitely 
generated left jF°(M) -module; this is BLSI Proposition 3.3]. 

Remark 1.5. Let R be a complete local ring of prime characteristic p; set E to be the 
injective hull of the residue field of R. Let A be a complete regular local ring with R—A/I. 
By IB11I Proposition 3.36], one then has an isomorphism of /^-modules 

/M : A I 

2. Twisted multiplication 

Let R be a complete local ring of prime characteristic; let E denote the injective hull of 
the residue field of R. In Theorem 13. 3 1 we prove that ,0P{E) is isomorphic to a subgroup 
of the anticanonical cover of R, with a twisted multiplication structure; in this section, we 
describe this twisted construction in broad generality: 

Definition 2.1. Given an N-graded commutative ring & of prime characteristic p, we 
define a new ring ST{M) as follows: Consider the Abelian group 

and define a multiplication * on &(M) by 

a * 2> = a*/ for a e ^(^) e and fo G -^(^) e , . 

It is a straightforward verification that * is an associative binary operation; the prime 
characteristic assumption is used in verifying that + and X are distributive. Moreover, for 
elements a £ &{M) e and b £ ^{&) e r one has 

ab P ' £ M e , , el e l ,s=ffl e+e' , , 

p e -i+p e (p e -l) p e+e -l ' 
and hence 

^(S) ( «J(*) ( : C ^(^) e+e /. 

Thus, &(ffl) is an N-gradedring; we abbreviate its degree e component 3F{&) as i^,. The 
ring &(ffl) is typically not commutative, and need not be a finitely generated extension 
ring of ,% even when ffl is Noetherian: 

Example 2.2. We examine ST{0£) when ^ is a standard graded polynomial ring over a 
field F. We show that 3T{ffl) is a finitely generated ring extension of ,% = F if divca.£% ^ 2, 
and that &"(&) is not finitely generated if dim^ Js 3. 
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(1) If 3$ is a polynomial ring of dimension 1, then £T(&) is commutative and finitely 
generated over F: take 3? = ¥[x], in which case 2? e = ¥ -x p -1 and 

x" e - 1 *j/-' = x pe+e '- 1 = j/- 1 *x pe - 1 . 
Thus, 3? (3?) is a polynomial ring in one variable. 

(2) When 3$ is a polynomial ring of dimension 2, we verify that 2? '{3%) is a noncommuta- 
tive finitely generated ring extension of F. Let 3$ = ¥[x,y]. Then 

x p - l *y p ~ l = x p ~ l y p2 ~ p whereas y p ~ l *x»- 1 = x p2 ~ p y p ~ x , 

so 3^(3?) is not commutative. For finite generation, it suffices to show that 

& e+ \ = &[*%. for each e > 1 . 

Set q = p e and consider the elements 

/yP-i-'g^, O^i^-1 and xiyi^-J e^ e , 0^j^q-l. 
Then ^ * 3? e contains the elements 

(*y- 1- ') * (*y -1-y ) = j+pjyM-pj-*- 1 , 

for ^ ; '^ /? — 1 and ^ _/ ^ # — 1, and these are readily seen to span ,%+\ . Hence, 
the degree p — 1 monomials in x and y generate 5 7 (^ 1 ) as a ring extension of F. 

(3) For a polynomial ring 3? of dimension 3 or higher, the ring 3? (3?) is noncommutative 
and not finitely generated over F. The noncommutativity is immediate from (2); we 
give an argument that 3?(3?) is not finitely generated for 3$ = ¥[x,y,z], and this carries 
over to polynomial rings 31 of higher dimension. 

Set q = p e where e ^ 2. We claim that the element 

xy qlp-\ z q-qlp-\ £ ft 

does not belong to 3T ex X 3T e2 for integers e,- < e with e\ + e^ = e. Indeed, 3 r ex X 3? ei is 
spanned by the monomials 

(jcV'z 91- ' - -' -1 ') * (xVz 92- ^' -1 ) = x i+qik y-' +qil zf ! ~ i ~-'~ qik ~ qil ~ i 

where g,- = //' and 

0<j<9i-l, 0<j<9i-l-J, 

so it suffices to verify that the equations 

i + qik=l and j + q\l = q/p — \ 

have no solution for integers i,j,k,l in the intervals displayed above. The first of the 
equations gives i = 1, which then implies that ^ j ^ q\ — 2. Since q\ divides q/p, the 
second equation gives j = — 1 mod (71 . But this has no solution with $5 j ^ q\ — 2. 

3. The ring structure of &(E) 

We describe the ring of Frobenius operators ^(E) in terms of the symbolic Rees al- 
gebra 3? and the twisted multiplication structure 37 (3?) of the previous section. First, a 
notational point: ayP ' below denotes the iterated Frobenius power of an ideal CO, and or"' 
its symbolic power, which coincides with reflexive power for divisorial ideals co. We re- 
alize that the notation <a<"> is sometimes used for the reflexive power, hence this note of 
caution. We start with the following observation: 
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Lemma 3.1. Let (R,m) be a normal local ring of characteristic p > 0. Let CO be a diviso- 
rial ideal ofR, i.e., an ideal of pure height one. Then for each integer e ^ 1, the map 

induced by the inclusion C0^ p ' C C0" } ', is an isomorphism. 

Proof. Set d = dim/?. Since R is normal and CO has pure height one, coRp is principal for 
each prime ideal p of height one; hence (co^ p ' /co^ p >)Rp = 0. It follows that 

dim(a) (//) /« [//1 ) < d-2, 
which gives the vanishing of the outer terms of the exact sequence 

H d m l {co (pe) /(0^) ► ffm(® M ) ► Hi(co^) ► H&(a>W/a>W), 

and thus the desired isomorphism. D 

Definition 3.2. Let R be a normal ring that is either complete local, or N-graded and finitely 
generated over Rq. Let CO denote the canonical module of R. The symbolic Rees algebra 

St = 0G) ( " n) 

is the anticanonical cover of R; it has a natural N-grading where S% n — (o^~ n K 

Theorem 3.3. Let (R,m) be a normal complete local ring of characteristic p > 0. Set d 
to be the dimension of R. Let CO denote the canonical module of R, and identify E, the 
injective hull of the R/m, with H^co). 

(1) Then ^{E), the ring of Frobenius operators on E, may be identified with 

Qco^- p ^F e , 

where F e denotes the map H^(co) — > H^{co^ p >) induced by CO — > CO^". 

(2) Let ffl be the anticanonical cover ofR. Then one has an isomorphism of graded rings 

&{E) Si 3T{M), 
where 3F(M) is as in Definition \2.1\ 



Proof. By Remark ll.3l we have 

& e (Hi{co)) Si Hom R (R^ ® R Hi(co), H d m (co)) . 

Moreover, 

R^® R H d m {co) Si Hi(co^) Si <(0)M), 

where the first isomorphism of by ||ILL + I Exercise 9.7], and the second by Lemma lXTI By 
similar arguments 

Hom R (Hi(e)W), H*(e»)) £ Hom R (H d m (co^ R co^-^), H d m (co)) 

= Hom fi (co {pe -V ® R H d m (co), H d m {co)) 

Si Hom ff (co^- l \ Hom R (Hi{co), H d m {co))) , 

with the last isomorphism using the adjointness of Horn and tensor. Since R is complete, 
the module above is isomorphic to 

Hom R (co^- l \R) Si co il - pe K 
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Suppose <p G ,^ e (M) and cp' G JP e (M) correspond respectively to aF e and a'F e , for 

elements^ G (o"~ p > and a' G (o"~ pe '. Then <po<p' corresponds to aF e obF e —ab p ' F e+e , 
which agrees with the ring structure of 3?(&) since a^kb = ab p . □ 

Remark 3.4. Let R be a normal complete local ring of prime characteristic p; let A be a 
complete regular local ring with R—A/I. Using Remark [131 and Theorem l3.3l its is now 
a straightforward verification that &(E) is isomorphic, as a graded ring, to 

where the multiplication on this latter ring is the twisted multiplication *. An example of 
the isomorphism is worked out in Proposition 15. II 

4. Q-GORENSTEIN RINGS 

We analyze the finite generation of ,0P{E) when R is Q-Gorenstein. The following result 
follows from the corresponding statement for Cartier algebras, [Sc, Remark 4.5], but we 
include it here for the sake of completeness: 

Proposition 4.1. Let (R,m) be a normal Q-Gorenstein local ring of prime characteris- 
tic. Let CO denote the canonical module of R. If the order of CO is relatively prime to the 
characteristic of R, then &(E) is a finitely generated ring extension of & (E). 

Proof. Since &°(E) is isomorphic to the m-adic completion of R, the proposition reduces 
to the case where the ring R is assumed to be complete. 

Let m be the order of co, and p the characteristic of R. Then p mod m is an element of 
the group (Z/mZ) x , and hence there exists an integer eo with p e ° = 1 mod m. We claim 
that &(E) is generated over J*"°(E) by [&(E)] <e . 

We use the identification ^{E) = 3T(M) from Theorem 13.31 Since ay- m > is a cyclic 
module, one has 

^{n+km) = m (n) a (bn) for all integers /fc, n ■ 

Thus, for each e > eo, one has 

= co {i - pe ~ eQ) ■ co {pe ~ e ° {l - peo)) 

= co^-p e ~ eo +p e ~ e °-p') 
= co^ 

which proves the claim. □ 

We conjecture that Proposition 14. 1 l has a converse in the following sense: 

Conjecture 4.2. Let (^,m) be a normal Q-Gorenstein ring of prime characteristic, such 
that the order of the canonical module in the divisor class group is a multiple of the char- 
acteristic of R. Then &(E) is not a finitely generated ring extension of J^°(E). 
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Veronese subrings. Let F be a field of characteristic p > 0, and A = W[xi,...,x d ] a poly- 
nomial ring. Given a positive integer n, we denote the «-th Veronese subring of A by 

(«) = vjy "*' 

this differs from the standard notation, e.g., IKjWI . since we reserve superscripts ( )W 
for symbolic powers. The cyclic module x\ ■ ■ -x d A is the graded canonical module for the 
polynomial ring A. By BGW1 Corollary 3.1.3], the Veronese submodule 

{xi---x d A) {n) = (B[xi---x d A] nk 

k^O 

is the graded canonical module for subring Ai n y Let m denote the homogeneous maximal 
ideal of Ai„y The injective hull of Ai n Jm in the category of graded A /„<, -modules is 



Hi({x x ---x d A) {n ^ = [H d m ((x l ---x d A) 



A Xl -x d 



_L*i X l ' ' '^d^Xy-X[---X^ . 

see BGWI Theorem 3.1.1]. By MGWI Theorem 1.2.5], this is also the injective hull in the 
category of all A i n \ -modules. 

Let R be the m-adic completion of A(„). As it is m-torsion, the module displayed above 
is also an /^-module; it is the injective hull of R/mR in the category of /^-modules. 

Proposition 4.3. Let ¥ be a field of characteristic p > 0, and let A =¥[xi,... ,x d ] be a 
polynomial ring of dimension d. Let n be a positive integer, and R be the completion of the 
n-th Veronese subring of A at its homogeneous maximal ideal. Set E = M/N where 

x \ x d 

and N is the R-submodule spanned by elements x'j 1 •••xj € M with jj ^ 1 for some k; the 
module E is the injective hull of the residue field ofR. 

Then <^ e (E) is the left R-module generated by the elements 

1 



ai "d 
x \ '" x d 



where F is the p-th power map, OC^ ^ p e — 1 for each k, and £ Cfy = mod n. 

Remark 4.4. We use F for the Frobenius endomorphism of the ring M. The condition 

M '" x d 
1 



£ a,k = mod n, or equivalently x" 1 ■ ■ -x/ £ M, implies that 



x l x d 



F e e ^ e (M). 



When 0Ck ^ p e — 1 for each k, the map displayed above stabilizes N and thus induces an 
element of ,^ re (M/N); we reuse F for the p-th power map on M/N. 



Proof of Proposition ^. 3\ In view of the above remark, it remains to establish that the given 
elements are indeed generators for & e {E). The canonical module of/? is 

co R = (xi ■ ■ ■ x d A) {n) R 
and, indeed, H^cdr) = E. Thus, Theorem l3 . 3 1 implies that 

& e (E) = (0 R X ~ q) F e , 
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where q — p e . But (0 R is the completion of the A r„\ -module 



1 

A 



X l '" X d 



(n) \*1 '" X d 



«i aj I a k ^ 1 ~ 1 f° r eacri fc> 52 C^A: = mod n J A(„j , 



which completes the proof. □ 

Example 4.5. Consider d — 2 and n — 3 in Proposition l4.3l i.e., 

R = V[[x\x\xy 2 ,y\ 
Then CO = (x 2 y,xy 2 ),R has order 3 in the divisor class group of R; indeed, 

co^ - ( x y : x l y \ x y) R an d co (3) = {x 3 y 3 )R . 

(1) If p = 1 mod 3, then <b' 1_<7 ' = (xy) 1-9 ^ is cyclic for each q = p e , and 

,¥ e {E) = T-^F e . 
x ' (xy)i- 1 



Since 



1 1 „ 1 

rF o — T F e = — T F 



e+\ 



{xy)P- x (xy)i- 1 (xy)Pi- 1 ' 

it follows that 

■ nE) = R {-(^ F 

(2) If p = 2 mod 3 and q — p e , then co^^^ — (xy) l ~ q R for e even, and 

0,(1-,) = (-L I l —) R 

y^-lyi- 1 ' x<i- 2 fl- 2 ' xl-ifi-l J 

for e odd. The proof of Proposition ^. 1 I shows that JP(E) is generated by its elements 
of degree ^ 2, and hence 

~, x ( 1 1 1 1 

&(F) = R< F F F 

y ' \xP-lyP- 1 ' iP-V- 2 ' jcP-ly"- 3 x^-y 2 " 1 ' 

In the case p = 2, the above reads 

J^F) = 7? | -F, F, -F, -^F 2 

^ y x x J y J 

(3) When p — 3, one has 

(0 {l - q) = —(x 2 y,xy 2 )R = (—^, —^]r 

x q y q\ ■" / ^-2-^-1 ^-1-^-2 y 

for each q = p e . In this case, 

&(E) = rI—f —F —F 2 —F 2 1 F 3 1 F 3 1 
1 J \xy 2 ' x 2 y ' x 7 y 8 ' Jfiy 1 ' x 25 y 26 ' * 2 V 5 ' '") 
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and &{E) is not a finitely generated extension ring of ,^°(E) = R; indeed, 

1 (x 2 y, xy 2 ) • (xV,^V 9 )^ 



x qq' y qq' V -" ^ ^ ^ / 

for q — p e and (7' = p e , where e and e' are positive integers. 

5. A DETERMINANTAL RING 

Let R be the determinantal ring W[X]/I, where X is a 2 x 3 matrix of variables over a 
field of characteristic p > 0, and / is the ideal generated by the size 2 minors of X. Set m to 
be the homogeneous maximal ideal of R. We show that the algebra of Frobenius operators 
,^{E) is not finitely generated over J?°(E) = R; this proves Conjecture 3.1 of [Ka|. We 
also extend Fedder's calculation of the ideals F p > : I to the ideals I"' : I for all q = p e . 

The ring R is isomorphic to the affine semigroup ring 



F 



sx, sy, sz, 

tx, ty, tz 



c ¥[s,t,x,y,z]- 



Using this identification, R is the Segre product A#B of the polynomial rings A = ¥[s,t] and 
B = ¥[x ) y,z}. By BGW1 Theorem 4.3.1], the canonical module of R is the Segre product of 
the graded canonical modules stA and xyzB of the respective polynomial rings, i.e., 

(Qr = stA#xyzB = (s txyz, st xyz)R- 

Let e be a nonnegative integer, and q = p e . Then 

(Or^ ] = TS tA# 7 : T B 

R (styi- 1 (xyz)i- 1 

is the R module spanned by the elements 

1 
(st)i~ l x k y l z m 

with k + l + m = 2q — 2 and k, I , m ^ q — 1 . 

View E as M/N where M = R^i txyv and N is the /J-submodule spanned by the elements 

s l t^y l z m in M that have at least one positive exponent. Then ^ e {E) is the left ^-module 
generated by 

1 



{st)i- l x k y l z m ' 

where F is the p-th power map, k+l + m = 2q — 2, and k, I, m sC q — 1 . Using this descrip- 
tion, it is an elementary — though somewhat tedious — verification that JF(E) is not finitely 
generated over &°(E); alternatively, note that the symbolic powers of the height one prime 
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ideals (sx,sy,sz)R and (sx,tx)R agree with the ordinary powers by [1BVJ Corollary 7.10]. 
Thus, the anticanonical cover of R is the ring ffl with 

* = W^zr {sx ^ sz)n *' 

and so 



% = ( S itxlz)^ isX ' Sy ' Sz)q ~ 1 *- 



Thus, 



where g, = //' . We claim that 

e-l 
.J e J^ y t/ e ^ ^k <J e — e ^ ■ 

e l = l 



For this, it suffices to show that 

1 



(s 2 txyz) q 



-V 



i{sy) q l p -\sz) q - qlp - 



does not belong to ,% { * ,%2 for integers e\ < e with e\ +e2 = e. By the description of 
3e\ * <%i above, this is tantamount to proving that 

sx(sy) c ilP-\sz) q - q l p - 1 i («c, jy,*?) 91 " 1 •((»)«, (jy) 91 ,^) 91 )* -1 , 
but this is essentially Example |2.2|3l 

Fedder's computation. Let A be the power series ring F[[K,v,w,x,y,z]] for F a field of 
characteristic p > 0, and let / be the ideal generated by the size 2 minors of the matrix 

u v w 

x y z 

In IIFel Proposition 4.7], Fedder shows that 

/[Pi ;/ = / 2 P- 2 +/M, 

We extend this next by calculating the ideals /«! : / for each prime power q = p e . 

Proposition 5.1. Lef A be the power series ring F[[w, v,w,x,y,z]] where K afield of char- 
acteristic p > 0. Lef / fee f/ze z'ofeaZ o/A generated by Ai = vz — »vy, A2 = vwc — «z, a«d 

A3 = My — vx 

(1) For q = p e and nonnegative integers s,t with s + t ^ q— 1, one new 



y 



VCAzAs)^ 1 £ /^+x' v+ 'A. 
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(2) For q,s,t as above, let f S)t be an element of A with 

yV(A2A 3 )* _1 = **+% mod/M. 

77zen / Si ( /s well-defined modulo /™. Moreover, f s j G 7™J :a 7, anaf 

/[«] :a / = /M + (/ s , r |, + f ^-l)A. 

For q = p, the above recovers Fedder's computation that 7» J 1 : 7 = / 2 P _2 +/M, though 
for g > p, the ideal 7^1 : 7 is strictly bigger than I 2p ~ 2 +I^ P \ 

Proof. (1) Note that the element 

yV(A 2 A 3 )*- 1 = y^{wx~uz) q -\uy-vxy- 1 

belongs to the ideals 

(x,u) 2q - 2 C {x q - x ,u q ) C (**+', k«), 
and also to 

Hence, 

//(AzAs)"- 1 G (^ +J , K*)A n (x s+ ' 7 z», /)A 
= (x v+ ', k«z ? , «V)A 
C (**+', A?, A«,Af)A. 

(2) The ideals 7 and 7™ have the same associated primes, ||ILL + I Corollary 21.1 1]. As 7 
is prime, it is the only prime associated to /M . Hence x s+t is a nonzerodivisor modulo /M , 
and it follows that f s j mod 7™ is well-defined. 

We next claim that 

7 2<? ~ 1 C7^1. 

By the earlier observation on associated primes, it suffices to verify this in the local ring R]. 
But R] is a regular local ring of dimension 2, so IR] is generated by two elements, and the 
claim follows from the pigeonhole principle. The claim implies that 

x s+ 'f s ,,I G M, 

and using, again, that x s+t is a nonzerodivisor modulo 7™, we see that f st I C I"', in other 
words, that f SJ G 7™ :a 7 as desired. 

By Theorem 1 3. 3 1 and Remark l3~4l one has the /^-module isomorphisms 



1 ■/) ~ ^^ ~ I [q] -Al 

ui — — 

1) 



< q) = ^ E ) = -7BT 



Choosing ©^ = (^,y,z)7?, we claim that the map 

fl-l-S-f .V f . f 
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is an isomorphism. Since the modules in question are reflexive /^-modules of rank one, it 
suffices to verify that the map is an isomorphism in codimension 1 . Upon inverting x, the 
above map induces 

MA X : Ax IA x 
x "~* MA X 

x"- 1 .— ► (A 2 A3) q - 1 

which is readily seen to be an isomorphism since IA X = (A2,Aj)A x . □ 

6. Cartier algebras and gauge boundedness 

For a ring R of prime characteristic p > 0, one can interpret ,^ e (E) in a dual way as a 
collection of /?~ e -linear operators on R. This point of view was studied by Blickle [B12] 
andSchwede IScl. 



Definition 6.1. Let R be a ring of prime characteristic p > 0. For each e ^ 0, set 'iff to be 
set of additive maps <p : R — > R satisfying 

(p(r p x) — r(p(x) for r,xER. 

The total Cartier algebra is the direct sum 

V* = ®% R . 

For (p G c €f and q>' G C € R , the compositions (p o q>' and q>' o q> are elements of ^ +e i ■ 
This gives c tf R the structure of an N-graded ring; it is typically not a commutative ring. As 
pointed out in [ABZ, 2.2.1], if (R,m) is an F-finite complete local ring, then the ring of 
Frobenius operators &(E) is isomorphic to c 1o R . 

Each c £f has a left and a right /^-module structure: for <p G ^f and r €R,we define r ■ <p 
to be the map x i — > r(p(x), and (p ■ r to be the map x i — > (p(rx). 



Definition 6.2. Blickle [B12| introduced a notion of boundedness for Cartier algebras: 
Let R = A/ 1 for a polynomial ring A = F[x\ ,... ,Xd] over an F-finite field F. Set R„ to be 
the finite dimensional F-vector subspace of R spanned by the images of the monomials 

Xy ■■ -xf for O^Xj^n. 

Following [An] and [B12], we define a map 8: R — > Z by 8(r) = n if r G R n \Rn-l'< me 
map 8 is a gauge. If / = 0, then 8(r) ^ deg(r) for each r G R. We recall some properties 
from [An, Proposition 1] and [B12 Lemma 4.2]: 

8{r + r') < max{5(r), 8(r')}, 

8{r-r') < 8{r) + 8{r'). 

The ring <€ R is gauge bounded if there exists a constant K, and elements <p e ; in 'iof for 
each e ^ 1 generating ^f as a left /^-module, such that 

8(x) 
8((p e i(x)) ^ h/^ for each e and / . 

P e 

Remark 6.3. We record two key facts that will be used in our proof of Theorem l6.4l 

(1) If there exists a constant C such that I^ p ' \a I is generated by elements of degree at 
most Cp e for each e ^ 1, then "jf" is gauge bounded; this is flKZI Lemma 2.2]. 
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(2) If < £ R is gauge bounded, then for each ideal a of R, the ,F -jumping numbers of t(R, a') 
are a subset of the real numbers with no limit points; in particular, they form a discrete 
set. This is llEEl Theorem 4.18]. 

We now prove the main result of the section: 

Theorem 6.4. Let R be a normal N-graded that is finitely generated over an F -finite 
field Rq. (The ring R need not be standard graded.) 

Suppose that the anticanonical cover ofR is finitely generated as an R-algebra. Then C & R 
is gauge bounded. Hence, for each ideal a ofR, the set of F -jumping numbers of z(R, a') 
is a subset of the real numbers with no limit points. 

Proof. Let A be a polynomial ring, with a possibly non-standard N-grading, such that 
R = A/I. It suffices to obtain a constant C such that the ideals T p ' ;a I are generated by 
elements of degree at most Cp e for each e ^ 1 . 

There exists a ring isomorphism ® e ^(0 [x - p ^ ^ 0^o( /M U /)// M by Remark |34l 
that respects the e-th graded components. After replacing co by an isomorphic /^-module 
with a possible graded shift, we may assume that the isomorphism above induces degree 
preserving /^-module isomorphisms co lyl ^ p ' = (T p ' '.a I)/T p ' for each e ^ 0. While co 
is no longer canonically graded, we still have the finite generation of the anticanonical 
cover ©„>oG>' ■ It suffices to check that there exists a constant C such that co( l ~ p ) is 
generated, as an /^-module, by elements of degree at most Cp e . 

Choose finitely many homogeneous /^-algebra generators zi,- . . ,Zk for ©„>o (0^~ n \ say 
with zt G Gy~i'> . Set C to be the maximum of degzi , . . . , degz^.. Then the monomials 

Z X = z\ l z\ 2 ---z X k k with£A,7,=/-l 

generate the /^-module co^ l ~ p ', and it is readily seen that 

degz A - 5>degz,- < C^A, ^ C{p e -\). 

By IIKZl Lemma 2.2], it follows that ^ R is gauge bounded; the assertion now follows from 
E2 Theorem 4. 18]. □ 

Corollary 6.5. Let R be the determinantal ring ¥\X]/I, where X is a matrix of indetermi- 
nates over an F -finite field F of prime characteristic, and I is the ideal generated by the 
minors ofX of an arbitrary but fixed size. Then, for each ideal a ofR, the set of F -jumping 
numbers of x(R, a') is a subset of the real numbers with no limit points. 

Proof. Since R is a determinantal ring, the symbolic powers of the ideal o' -1 ' agree with 
the ordinary powers by [BV. Corollary 7. 10]. Hence the anticanonical cover of R is finitely 
generated, and the result follows from Theorem 16.41 □ 



Remark 6.6. It would be natural to remove the hypothesis that R is graded in Theorem l6.4l 
However, we do not know how to do this: when R is not graded, it is unclear if one can 
choose gauges that are compatible with the ring isomorphism 

0,(1-1') -0(/M u /)//M. 
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7. Linear growth of Castelnuovo-Mumford regularity for rings of 
finite frobenius representation type 

Let A be a standard graded polynomial ring over a field F, with homogeneous maxi- 
mal ideal m. We recall the definition of the Castelnuovo-Mumford regularity of a graded 
module following | Ei , Chapter 4] : 

Definition 7.1. Let M = ©^qM,,/ be a graded A-module. If M is Artinian, we set 

regM = max{d | M d ^ 0} ; 

for an arbitrary graded module we define 

regM = maxhegH^(M) + k\ . 

Definition 7.2. Let I and J be homogeneous ideals of A. We say that the regularity 
of A/(I + J^ P 1) has linear growth with respect to p e , if there is a constant C, such that 

regA/(7 + /M ) < Cp e for each e ^ . 

It follows from [KZ, Corollary 2.4] that if mgA/(I + J^ p ') has linear growth for each 
homogeneous ideal J, then C £ A ' 1 is gauge-bounded. 

Remark 7.3. Let R=A/I for a homogeneous ideal I. We define a grading on the bimod- 
ule K~ e > introduced in Remark POl when an element r of R is viewed as an element of RS e \ 
we denote it by r^ . For a homogeneous element r 6 R, we set 

degV e ' = — degr. 
P e 

For each ideal J of R, one has an isomorphism 

R^® R R/J -=->■ R/ylP*] 

under which r ' e ' (K> S i — s> r^f e . To make this isomorphism degree-preserving for a homoge- 
neous ideal J, we define a grading on R/J^ p ' as follows: 

deg' 7 — — degr for a homogeneous element r of R . 

P e 

The notion of finite Frobenius representation type was introduced by Smith and Van den 
Bergh [SVj; we recall the definition in the graded context: 

Definition 7.4. Let R be an N-graded Noetherian ring of prime characteristic p. Then R 
has finite graded Frobenius-representation type by finitely generated Q-graded /^-modules 
M\ , . . . ,M$, if for every e e N, the Q-graded /^-module R^ e ' is isomorphic to a finite direct 
sum of the modules M, with possible graded shifts, i.e., if there exist rational numbers Of-y, 
such that there exists a Q-graded isomorphism 

i,j 

Remark 7.5. Suppose R has finite graded Frobenius-representation type. With the notation 
as above, there exists a constant C such that 

a\f < C for all e, i,j; 

see the proof of ITTI Theorem 2.9]. 

We now prove the main result of this section; compare with [ITTI Theorem 4.8]. 
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Theorem 7.6. Let A be a standard graded polynomial ring over an F -finite field of char- 
acteristic p > 0. Let I be a homogeneous ideal of A. 

Suppose R = A 1 1 has finite graded F -representation type. Then regA/(7 + J^ p ') has 
linear growth for each homogeneous ideal J. In particular, < £ R is gauge bounded, and for 
each ideal a ofR, the set of F -jumping numbers of t(R, a') is a subset of the real numbers 
with no limit points. 

Proof. We use J for the ideal of A, and also for its image in R. Let a'(H^(R/J^ p ')) denote 
the largest degree of a nonzero element of H^ (R/J<- p > ) under the deg'-grading, i.e., 

«'«(/?//M)) = l reg tf*(*//M). 
Since we have degree-preserving isomorphisms RS e > ®rR/J = R/J\ pe \ and 

R (e) -©m,^), 



'■/ 



it follows that 



H k m (R/J^) = H k m (R ( ^® R R/J) 

S ®<(M,-(aJ ) ) «.«/?//) 
U 

= ^H k m ( Mi /JM,)(alf). 

i,j 

The numbers CC>, are bounded by Remark [731 thus, 

'J 

a'(H k m {R/J^)) ^ m a x{a'(H k m (Mi/JM,))+C}. 

i 

Since there are only finitely many modules M, and finitely many homological indices k, it 
follows that a'(H^ {R/J\ p >)) ^ C', where C' is a constant independent of e and k. Hence 

xtgH k m {R/J^) < C'p e foralle,/t, 

and so 

regA/(7 + J [pC] ) = maxjreg//^ (J?//M ) + k} ^ C'p e + dimA . 

k 

This proves that regA//[ pC l has linear growth; [KZ, Corollary 2.4] implies that C € R is gauge 
bounded, and the discreetness assertion follows from [B12. Theorem 4.18]. □ 
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